This paper applies geometric PID control for asymptotic tracking of a desired trajectory by a hoop robot in the presence of disturbances and uncertainties. The hoop robot, consisting of a circular body rolling without slip along a one-dimensional surface, is a planar analog of a spherical robot. A variety of coupled mechanical system may be used to actuate the hoop robot. This paper specifically considers two different actuators, one a simple pendulum and the other an internal cart. The geometric PID controller requires the plant to be a simple mechanical system, and the hoop robot does not satisfy this condition. Therefore a geometric inner loop is presented that gives the hoop robot the required structure. This procedure is here referred to as feedback regularization. Feedback regularization-in contrast to feedback linearization-is coordinate independent, and hence reflects the fundamental system structure. Note also that the resulting mechanical system is nonlinear and underactuated. Subsequently, the geometric PID outer loop guarantees almost-semiglobal tracking with locally exponential convergence, and the integral action of the PID guarantees robustness to constant disturbances and parameter uncertainties, including constant inclination of the rolling surface. The complete tracking controller is the composition of the two coordinate-independent loops, and therefore is also coordinate independent.
I. INTRODUCTION
Spherical robots consist of a spherical body, rolling without slip on a planar surface, actuated by an internal or external mechanism. Since the spherical body undergoes large rotations, this is a natural application for geometric control [1] . Geometric control formulations remain valid in all coordinate systems, and so can be consistently translated based on convenience [2] , [3] , [4] , [5] . Interactions between the spherical body, the constraint forces, and the dynamics of the actuation mechanism can lead to complex behavior and a substantial control challenge. Many results on spherical robots concern open-loop path planning strategies [6] , [7] , [8] or are valid only for perfectly horizontal surfaces [9] , [10] , [11] . To our knowledge, only one study [12] accounts for the inclination of the rolling surface, in this case combining feedback linearization with sliding mode control [12] . However the result of [12] requires perfect knowledge of the inclination of the rolling surface, and furthermore is formulated in a single coordinate patch, giving only local convergence guarantees.
The present paper applies a geometric extension of proportional + integral + derivative (PID) control. Proportional + derivative (PD) control was extended to a geometric setting in [2] , and subsequently developed in [3] , [4] . The insight underlying the geometric extension of PD control was to give the tracking error dynamics the form of a mechanical system. Geometric PD control design leverages physical intuition to shape a potential energy analog, and provides almostglobal, asymptotic tracking. Recently, integral action based on the Levi-Civita connection has been added to geometric PD, giving true geometric PID control, and providing robustness to bounded parametric uncertainty and constant disturbances forces [5] . However the nominal geometric PID design of [5] applies to fully-actuated systems. The present paper treats a broader class of systems, with two or more mechanical systems coupled through control and reaction forces. Considered independently, each subsystem is fully actuated, but since the subsystems have inputs in common, the full system is underactuated. The subsystems may also be coupled through quadratic velocity terms. The shared inputs make it impossible to simultaneously regulate all subsystems. Thus we designate one of the mechanical systems as the output system, and collectively refer to the others as the actuator system. The output error system is then the system describing the discrepancy between the output of the system and the desired output reference trajectory. We assume that the output error system is fully actuated and that the zero dynamics of the error system has a stablebut not necessarily asymptotically stable-equilibrium. The control objective is to ensure that the output error system asymptotically converges to zero, while verifying that the actuator states remain bounded. The first contribution of the present paper is to extend geometric PID control to underactuated mechanical systems.
This class of coupled systems arises naturally when multibody systems interact with each other. These interactions may be the cause of individual subsystems not to have the structure of a simple mechanical systems. Feedback control can be used to recover this structure, through the introduction of quadratic velocity coupling. We refer to this process as feedback regularization. This process is somewhat analogous to partial feedback linearization (PFL) [13] , in that feedback is used to modify parts of the system dynamics and achieve a desired input/output characteristic. However, unlike PFL, the control is defined independently of the choice of coordinates, and the resulting system is nonlinear. The second contribution of the present paper is to derive coordinateindependent feedback recovering the structure of a simple mechanical system. Under the assumptions of this paper, a geometric PID tracking controller can be subsequently applied to any system that can be feedback regularized. Therefore the third contribution of the current paper is to achieve general output trajectory tracking for the class of underactuated mechanical systems described above.
For simplicity of presentation, this approach is demonstrated on a class of hoop robots-that is, on a planar version of a spherical robot. A hoop robot consists of a circular body, rolling without slip on a one-dimensional surface, and actuated by one of a variety of mechanisms. The class of hoop robots considered here requires that the center of mass of the moving actuation mechanism remain at constant distance from the geometric center of the hoop. show examples of mechanisms that are not considered in the subsequent analysis. The coupling between the hoop body and the actuation mechanism is through reaction forces and moments. If no other forces were present, Newton's laws applied to the error system augmented by coupled system would produce equations of motion suitable for the geometric PID tracking controller. However, the forces corresponding to the interaction between the subsystems destroy that structure. Thus we first use feedback regularization to recover the Riemannian structure of the subsystems, and subsequently apply geometric PID to the regularized system. Section II extends the geometric PID controller of [5] to the general setting of interconnected mechanical systems on compact Riemannian manifolds. Section III derives equations of motion for the hoop and actuator system. It is shown that the subsystems lose their mechanical system structure. Section IV shows the use of feedback to recover this structure. Section IV applies the general controller developed in Section II to ensure that the geometric center of the hoop follows a desired trajectory, with guaranteed boundedness of the velocities of the actuation mechanism. The convergence properties of the controller are shown to be robust to bounded parametric uncertainties and constant unknown bounded disturbances, including a constant but unknown inclination. Section V presents simulations showing excellent performance for the complete system.
II. INTERCONNECTED MECHANICAL SYSTEMS
In the following we consider a class of interconnected mechanical systems on Riemannian manifolds. We refer the reader to [14] , [15] , [16] for further details on mechanical systems on Riemannian manifolds. We will assume that each subsystem evolves on a configuration space G ν and has an inertia tensor I ν . Here ν is either s or a, denoting the corresponding subsystem of the interconnected system. Denote byġ ν = v ν and by ∇ ν be the unique Levi-Civita connection corresponding to I ν .
The class we consider is of the form
where ∆ s , ∆ a represent input disturbances and unmodelled forces acting on the system, and τ s and τ a are quadratic velocity dependent interaction forces that satisfy τ s (0, v a (t)) ≡ 0, τ a (0, v a (t)) ≡ 0 for any v a (t) ∈ T G a . The system denoted by s will be referred to as the output system and the system denoted by a will be referred to as the actuation system. The output system will be assumed to be fully actuated with respect to the input τ u . Let y : G s → G y , be a smooth onto function for some smooth Lie-group G y . We will assume that y is relative degree two with respect to the controls τ u . The output that we are interested in will be (g y (t), v s (t)) ∈ G y × T G s . The control problem that we solve in this section is that of ensuring the almost-semiglobal and local exponential convergence of (g y (t), v s (t)) to (e y , 0) where e y is the identity element of G y . From (1) it follows that the output zeroing controlτ u must necessarily satisfyτ u = −∆ s . The corresponding zero dynamics of the system is given by
We will assume that for any given bounded constant disturbances the zerodynamics (3) have a stable relative equilibrium. We will state this specifically in the following assumption: Assumption 1: For any given bounded constant ∆ s , ∆ a there exists a smooth positive semi-definite potential function V a : G a → R such that dV a = −(τ a P (g a ) + ∆ a − B(g a )∆ s ). What this assumption implies is that ensuring lim t→∞ (g y (t), v s (t)) = (e y , 0) with lim t→∞ τ u (t) = −∆ s exponentially guarantees that the velocity of the actuator system v a (t) remains bounded.
A. Nonlinear PID Control for Interconnected Mechanical Systems
The control problem that we solve in this section is that of ensuring the almost-semi-global and local exponential convergence of the smooth output (y(t), v s (t)) to (e y , 0).
Consider the nonlinear potential shaping plus PID controller where v I , η e ∈ T gs G s with the gains k p , k I , k d chosen such that
where,
In the Appendix we prove the following theorem. Theorem 1: Consider any subset X s ⊂ G y × G s × G s that contains (0, 0, 0). Assume that the conditions of Assumption-1 hold. Then if the gains of the nonlinear PID controller (4)-(5) are chosen to satisfy (6) and (7) the followings hold for almost all initial conditions in X s : 1) (y(t), v s (t)) converges to an arbitrarily small neighborhood of (y 0 , 0), 2) if the uncertainties and the disturbances are constant then lim t→∞ (y(t), v s (t)) = (y 0 , 0) locally exponentially, while ensuring the boundedness of the actuator velocities v a (t). 
III. PLANAR HOOP DYNAMICS ON AN INCLINED RAMP
be a reference frame fixed on the rolling hoop, with origin coinciding with the geometric center of the hoop. Let θ be the angle of rotation of the frame b with respect to the frame e, and let ω =θ. Let m h be the mass of the hoop and I h be the inertia of the hoop. We assume that a mechanism of mass m a and moment of inertia I a actuates the hoop. Let c = [c 1 c 2 ] be a frame fixed to the actuation mechanism, with origin o a coinciding with the actuation center of mass and axis c 2 pointing towards the center of the hoop. Let θ a be the rotation angle of c with respect to e and ω a =θ a .
Let l be the distance from the geometric center of the hoop to the center of mass of the actuation mechanism. We restrict our attention to cases where l remains constant. Under this assumption, the actuation mechanism evolves on the circle S, and is completely characterized by configuration variable θ a . While this assumption is not strictly necessary to the rest of the analysis, it allows a compact characterization of the result.
We assume that the external forces and external moments acting on the hoop are due to the effect of gravity, reactions that arise as a consequence of the interaction with the actuation mechanism and the no-slip rolling constraint. The gravity force acting on the hoop is f g = −m h g e g where e g is the unit vector in the vertical direction, which can be written as sin β e 1 + cos β e 2 with respect to e.
Using Euler's rigid body equations for the hoop and the actuator while taking into consideration of the forces that enforce hoop/ground no-slip constraint and the hoop actuator interactions yields the following complete hoop robot equations of motion:
where M m h + m a , The single control input, which appears in both the ω and ω a equations, is defined as
For a more detailed description of the derivation of the full 3D version of this model we refer the reader to [17] .
IV. POSITION TRACKING FOR THE HOOP
The control task that we consider is to ensure that the output 
where τ ref I(θ a )ω r . We notice that the error dynamics evolve on the tangent bundle to the circle, T S, with output y = o e evolving on the Lie-group R. The natural notion of differentiation on the tangent space of a Riemannian manifold is the Levi-Civita connection, ∇. The unique Levi-Civita connection on S corresponding to the kinetic energy induced by the inertia tensor I is explicitly given by Using the Levi-Civita connection, the equations of motion of a mechanical system are I∇ġġ = γ g , where γ g is the generalized force acting on the system. Comparing (12) with the equations of motion of a mechanical system, it is clear that, the absence of the term m 2 a r 2 l 2 sin (2θa) 2(Ia+mal 2 ) ω a ω e , prevents (11) from being considered a simple mechanical system. Thus this does not allow the straightforward use of the nonlinear PID controller proposed by the authors in [5] .
However we notice that if we choose the regularizing plus potential shaping controls
then the error dynamics of the system (11) can be re-written as,
The third term in the above equation (13) shapes the potential energy of the error dynamics. Here ∆ h represents the effects due to the ignorance of the inclination of the rolling surface and the omission of the term τ ref in the controller. In similar fashion we find that the actuation system dynamics can also be expressed as
where ∆ a represents modeling errors and disturbances. Herẽ
Notice that τ a (ζ, η) is bilinear in the two velocity arguments ζ, η ∈ R.
When ω e ≡ 0 it can be shown that there exists an equilibrium for the actuation mechanism (15) for any surface of inclination β ∈ (−π/2, π/2) if the system parameters satisfy, mal M r ≥ sin β. Without loss of generality we assume that the actuation mechanism is chosen such that this condition is satisfied for a certain operating region of β.
Note that the combination of the error dynamics of the system (14) and the actuation mechanism dynamics (15) takes the form of the general interconnected under actuated mechanical system (1)-(2) presented in Section II, where each sub system is fully actuated with respect to the common inputτ u . The system evolves on (S × R) × (S × R) with y = o e evolving on the Lie-group R. For this interconnected mechanical system we propose the nonlinear PID controller,
where, η e = −o e . Theorem 1 yields the following corollary: Corollary 1: Assume that the parameter uncertainty, unmodelled disturbances, and the velocity references are bounded and constant. There exists sufficiently large gains of the nonlinear PID controller (16)-(17) that satisfy (6)- (7) such that lim t→∞ (o e (t), ω e (t)) = 0 semi-globally and exponentially while ensuring that ω a (t) remains bounded for any (θ a (0), ω e (0), ω
.
V. SIMULATION RESULTS
Here we present simulation results demonstrating the effectiveness of geometric PID tracking control for a rolling hoop on an inclined plane. The actuation mechanism considered is of cart or pendulum type. To demonstrate the robustness of the controller system parameters in the simulations differ by 50% from the nominal design parameters.
The nominal hoop parameters are m h = 1.00 kg and I h = 0.021 kg m 2 , and the outer radius of the hoop is r = 0.18 m. These parameters correspond to a plastic hoop (density 850 kg m −3 ) of 3 mm thickness. Nominal parameters for the actuator are m a = 3.28 kg and I a = 0.035 kg m 2 . The distance from the geometric center of the hoop to the center of mass of the actuator is l = 0.14 m. These parameters give the maximum rolling plane inclination for which an equilibrium exists as β max = 36 • . Thus for the simulations we use an angle of inclination equal to 20 • < β max . We stress that the controller (16)-(17) does not require knowledge of the inclination angle.
We present simulation results for tracking of a constant set point and a sinusoidal velocity. Figure 3 shows the reference position and actual position of the hoop center, Fig. 4 and Fig. 5 show the position error of the hoop center and the hoop spatial angular velocity error, and Fig. 6 shows that the actuator angular velocities remain bounded. In all simulations the initial position of the hoop was o(0) = [−2 r] T m and the initial spatial angular velocity of the hoop and cart were ω(0) = −0.1 rad s −1 and ω a (0) = 0.1 rad s −1 , respectively. The controller gains were k p = 16, k d = 7, k I = 4, k c = 0.1.
VI. CONCLUSIONS
In this paper we present a control strategy for semi-almostglobal output tracking for a class of interconnected under actuated mechanical systems. The control strategy involves two steps. In the first step, feedback control is used to give each of the subsystems the structure of a simple mechanical system. We call this feedback regularization. Next we use PID control to ensure that the output of one of the systems tracks a desired output trajectory while ensuring the stability of the other system. These results are the applied to tracking the geometric center of a hoop rolling without slip on an inclined plane of unknown inclination. The problem is a one dimensional approximation of a spherical robot. The controller is shown to ensure semi-almost-global exponential tracking in the presence of bounded parametric uncertainties and bounded constant disturbances. Extending the results of this paper to the full 3D sphere is the subject of current work [17] .
APPENDIX
Proof of Theorem 1: Consider any small > 0 and compact subsets X s ⊂ G y × G s × G s and X a ⊂ G a × G a . Let V y : G y → R be a polar Morse function on G y with the unique minimum at y 0 . Let η s be the gradient of V s V y •y : G s → R. Consider the function W s : G y × G s × G s × G a explicitly given by 
Let µ min < ||I∇η|| < µ max for some µ min , µ max > 0 and µ a = min ||I a ∇η a || on W u . Since V y is assumed to be a polar Morse function these bounds are guaranteed to exist.
, then it can be shown that if the controller gains are chosen to satisfy (6)-(7) then P s is positive definite. Differentiating W s along the dynamics of the closed loop system we havė
It can be shown that we can pick gains such that λ min (Q s ) is arbitrary.
The assumption that τ s is a quadratic velocity terms implies that the term τ s , v s + αη s + βv I is cubic in the velocities. Thus we see that there exists g 1 , g 2 , g 3 ≥ 0 such that τ s , v s +αη s +βv I ≤ g 1 ||z s || 3 +g 2 ||v a ||||z s || 2 +g 3 ||v a || 2 ||z s ||.
Also let g s τ > 0 be such that ||τ s P (g s , g a )|| < g s τ . Let k 0 a > 0 be such that (2V a (g a ) + ||v a || 2 ) < k 0 a on X a and k a > k 0 a . We will show that it is possible to ensure lim t→∞ (y(t), v s (t)) = (ȳ 0 , 0) semi-globally and locally exponentially while ||v a (t)|| < k a for all t > 0.
For all (y, v a , v I ) ∈ X u and v a such that ||v a || ≤ k a we havė
where g 0 max{k p , k d }, g 1 (3||∆ s ||+g s τ +g 3 k 2 a ), and p is an operator that depends on the magnitude of the parameter uncertainties of I s and B. The right hand side is less than zero when
Recall that we have shown that the gains k p , k I , k d can be chosen sufficiently large so that λ min (Q s ) can be made arbitrarily large. Thus it can be shown that if the parametric uncertainty is small so that || p || < 1 then the gains k p , k I , k d can be chosen sufficiently large so that c < for any given k s , > 0. Therefore we have shown that that there exists gains k p , k I , k d such that W s is strictly decreasing in W u /W l and hence, provided that ||v a (t)|| ≤ k a for all time t > 0, the trajectories of the closed loop system can be made to converge to the set W l . Since W s is quadratically bounded from below it follows that the convergence is exponential.
If the disturbances and the uncertainties are constant the Lasalle's invariance principle implies that the trajectories of (1) converge to the largest invariant set contained in the set whereẆ s ≡ 0 contained in W l . For mechanical systems with constant unknown disturbances and constant uncertainty these invariant sets are of the form (ȳ, 0,v I ) whereȳ is a critical point of V y , andv I is a constant. Thus proving that lim t→∞ (y(t), v s (t)) = (ȳ 0 , 0) semiglobally and locally exponentially in the presence of bounded parametric uncertainty and bounded constant disturbances for all initial conditions in X s other than the unstable equilibria and their stable manifolds provided that ||v a (t)|| ≤ k a for all t > 0.
The exponential convergence implies that there exists κ > 0 such that ||v s (t)|| ≤ ||v s (0)||e −κt and ||τ u −τ u || ≤ ν e −κt where ν = (||∆ s || + g s τ + 3k s g 0 ).
The assumption that τ a (v s , v a ) is quadratic in the velocities implies that there exists g a 1 ≥ 0 such that τ a , v a ≤ g 3 ||v s ||||v a || 2 . Consider the non-negative function W a : G a × G a → R defined to be W a = V a + v a , v a /2. The derivative of this function along the dynamics of the closed loop system satisfiesẆ a ≤ 2 (ν||B|| + k s g a 1 ) e −κt W a . This gives that W a ≤ W a (0) exp 2 (ν||B|| + k s g a 1 ) κ .
Hence we have that ||v a (t)|| ≤ (2V a (0) + ||v a (0)|| 2 ) exp (ν||B||+ksg a 1 ) κ . Let k 0 a > 0 be such that (2V a (g a ) + ||v a || 2 ) ≤ k 0 a on X a . We have shown that by picking sufficiently large PID gains k p , k I , k d one can make λ min (Q s ) and hence κ sufficiently large. Thus there exists gains such that (2V a (0) + ||v a (0)|| 2 ) e (ν||B||+ksg a 1 ) κ can be made less than k a > k 0 a for all (g a , v a ) ∈ X a and hence ensure that ||v a (t)|| < k a for all time t > 0.
